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Abstract 



Let X be a smooth proper scheme over a field of characteristic 
0. Following Shklyarov [10] , we construct a (non-degenerate) pairing 
• on the Hochschild homology of perf {X), and hence, on the Hochschild 

I homology of X. On the other hand the Hochschild homology of X also 

has the Mukai pairing (see [1]). If X is Calabi-Yau, this pairing arises 
from the action of the class of a genus Riemann-surface with two in- 
coming closed boundaries and no outgoing boundary in Ho(A^o(2, 0)) 
on the algebra of closed states of a version of the B-Model on X. We 
show that these pairings "almost" coincide. This is done via a dif- 
I ferent view of the construction of integral transforms in Hochschild 

■ homology that originally appeared in Caldararu's work [1]. This is 

used to prove that the more " natural" construction of integral trans- 
l/^ ■ forms in Hochschild homology by Shklyarov [10] coincides with that of 

I Caldararu [1]. These results give rise to a Hirzebruch Riemann-Roch 

^0 . theorem for the sheafification of the Dennis trace map. 

> 

^ ! Introduction. 



Let X be a smooth proper scheme over a field K of characteristic 0. Let 
perf (X) denote the DG-category of left bounded perfect injective complexes 
of Ox-iiiodules . There is a natural isomorphism of Hochschild homologies 
(see [5] for instance) 

HH.(X) ~ HH.(perf (X)) . (1) 

If Y is any smooth proper scheme, an object ^ € perf {X x Y) can be 
thought of as the kernel of an integral transform from perf (X) to perf (Y) 
(Section 8 of [11]). This is a morphism from perf {X) to perf (Y) in the 
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homotopy category Ho(dg-cat) of dg-categories modulo quasi-equivalences. 
We will abuse notation and denote this by $ as well. It follows that $ 
induces a map <I>* : HH,(perf (X)) HH,(perf (Y)) and hence, by ([T|) , a 
map 

: HH,(X) ^ HH,(y) . 

One also has (see [10] ) a Kunneth quasiisomorphism 

K : HH,(perf (X)) ® HH.(perf {¥)) HH,(perf {X x Y)) . 

Since X is smooth, the diagonal A : X ^ X x X is a local complete 
intersection. Hence, Oa := RA^,Ox is a perfect complex on X x X (see 
[11], Section 8). We will abuse notation and denote Oa thought of as the 
kernel of an integral transform from X x X to Spec K by A. One then has 
a pairing given by the composite map 

HH.(perf (X)) O HH.(perf (X)) 

K 

HH.(perf {X x X)) HH.(perf (K)) = K . 

Denote this pairing by ( , )shk- 

On the other hand, the work of A. Caldararu [1] constructs the following: 

• A non-degenerate Mukai pairing 

( , )M:HH.(X)(g)HH.(X)^]K. 

• For each $ G Perf (X x Y) an "integral transform" 

: HH.(X) ^ HH.(y) . 

If X is Calabi-Yau, it has been argued implicitly by Caldararu [3] that { , )m 
is precisely the pairing on HII,(X) arising from the action (on HH,(X)) of 
the class of a genus Riemann-surface with two incoming closed boundaries 
and no outgoing boundary in IIo(7Wo(2, 0)). Let V : IIII,(X) HH,(X) 
be the whose image under the Hochschild-Kostant-Rosenberg isomorphism 
is the involution on Hodge cohomology that acts on the direct summand 
}ii{X,nPx) by multiplication hy{-lf. 
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The "natural" pairing and the Mukai pairing. 

The main result of this note is as follows. 
Theorem 1. Let a,b € HH,{X). Then, 

{h^ ,a)M = {a,b)shk ■ 

If X is a smooth proper quasi-compact scheme, the category perf (X) is 
quasi-equivalent to perf (A) for some DG-algebra A (see [6], [11]). In this 
case, the pairing ( , )shk on HH,(X) is the pairing on HH,(^) described 
in [10]. On the other hand, the Mukai pairing ( , )m has been explicitly 
computed at the level of Hodge cohomology in [8]. In an implicit form, this 
computation appeared earlier in [7]. Theorem 1 therefore, enables us to 
relate the familiar Riemann-Roch-Hirzebruch theorem for a proper scheme 
over K to the more abstract "noncommutative" Riemann-Roch theorem in 
[10]. 

Further, if X is Calabi-Yau, so is A. In this case Theorem 1 is very sim- 
ilar to Conjecture 6.2 in [10] for proper homologically smooth Calabi-Yau 
DG-algebras A such that perf (A) is quasi-equivalent to perf {X) for some 
smooth proper quasi-compact scheme X. We make a remark about this in 
Section 2.3. 



Integral transforms in Hochschild homology. 

Let us outline how Theorem 1 is proven. It was stated and proven in [10] 
that if $ G perf {X xY), then is simply convolution with the Chern 
character of $ with respect to the pairing ( , )shk- Besides [10], the reader 
may refer to Theorems 4 and 5 in this paper for the precise statement. We 
construct a map ^^^'^^ ; HH,(X) HH,(y) that is "almost" convolution 
with the Chern character of $ with respect to the Mukai pairing. We then 
proceed to prove that has all the "good properties" one expects of an 

integral transform in Hochschild homology (Propositions 1 ,2 and 3 of this 
paper). We recall that the integral transform from perf (X) to perf (X) 
arising out of the element Oa of perf {X x X) is the identity. It follows 
that OaT^ = id. Proposition 2, which says that Oa?"^ = id as well, is then 
used to prove Theorem 1. 
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The fact that has all the "good properties" one expects of an integral 

transform in Hochschild homology is also exploited to prove the following 
theorem. 

Theorem 2. 

^nat ^muk ^cal 

^* 

In other words,the "good constructions" of integral transforms in Hochschild 
homology coincide. 



A Hirzebruch-Riemann-Roch for the sheafification of the Den- 
nis trace map. 

We now mention another consequence of Theorems 1 and 2. Recall that we 
have an isomorphism of higher K groups 

Ki{X) ~ i^i(perf {X)) . 

For any DG-category C, let 7P{C) denote the category such that 

Obj(Z°(C)) = Obj(C) and HomzO(c)(M, A^) = Z°(Homc(M, TV)) 

VM,AreObj(C) . 

Here, Z^{C) is the space of 0-cocycles for any cochain complex C. If Z'^(C) 
is exact, one has a Dennis trace map 

Ch»:i^,(C)^HHi(C) 

(see [12]). This therefore, yields us a map 

Ch^ : Ki{X) HHj(perf {X)) ~ HHi(X) . 

This map is the "sheafification of the Dennis trace map" constructed in 
[13]. Let Ihkr ■ HH,(X) ^ ®p^gRP{X, fi^) denote the Hochschild-Kostant- 
Rosenberg isomorphism. Let 

ch^ : Ki{X) ejW-\X,n^) 

denote Ihkr ° Ch*. It was proven in [2] (Theorem 4.5) that ch*^ is the usual 
Chern character. We have the following generalization of the Hirzebruch 
Riemann-Roch theorem. 
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Theorem 3. Let f : X ^ Y be a smooth proper morphism between proper 
schemes X and Y. Let Z be a smooth quasi-compact separated scheme. 
Then, 

if X id),{ch'{a)Tr*xtdiTx)) = ch\{f x id),ia))7r^td{TY) 
for any a £ Ki{X x Z) . 

Layout of this note. 

Section 1 reviews some basic facts from D. Shklyarov's work [10]. Section 
2.1 recalls A. Caldararu's construction of the Mukai pairing [1] and related 
results. In Section 2.2, we give an alternate construction of : HH,(X) — > 
HH,(y) for any $ G perf {X xY). We prove Theorem 1 and Theorem 2 
in Section 2.2. Section 2.3 contains some remarks about what Theorem 1 
means when X is Calabi-Yau. Section 2.4 proves Theorem 3. 

Acknowledgements. 

I am grateful to Prof. Kevin Costello, Prof. Madhav Nori and Prof. Boris 
Tsygan for some very useful discussions. 

1 The " natural pairing" on the Hochschild homol- 
ogy of schemes. 

This section primarily recalls material from D. Shklyarov's work [10]. The 
term "DG algebra" in this section shall refer to a proper homologically 
smooth DG-algebra unless explicitly stated otherwise. 

1.1 Preliminciry recollections. 

Recall that a DG-algebra A is proper if X^^dim H"(A) < oo and is homo- 
logically smooth if it is quasi isomorphic to a perfect ^-module. Here, 
A°P denotes the opposite algebra of A. The term "A-module" shall refer to 
a right ^-module. 
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Recall that a A-module is said to be semi-free if it is obtained from a finite 
set of free 74-modules after taking finitely many cones of degree closed mor- 
phisms . A perfect y4-modulc is a direct summand of a semi-free ^-module. 
Let perf (A) denote the DG-category of perfect ^-modules. We recall the 
following facts from [10]. 

Fact 1: If yl is a DG-algebra, the natural embedding of the category with 
a unique object whose morphisms are given by A into perf (^4) induces an 
isomorphism 

HH, (^) ~ HH, (perf {A)) (2) 

Fact 2: If A and B are DG-algebras and $ is a perfect A°p (g) B-module, 
then $ gives a (DG) functor 

: perf {A) perf (B) 
M M <SiA^ ■ 

therefore induces a map 

: HH,(perf (A)) HH.(pcrf (B)) . 

Fact 3: Let A denote A treated perfect tI^p 74-module in the 

natural way. Then, by Fact 2, we have a DG functor A* : perf {A (g) A°p) — > 
perf (K). Further, there is a isomorphism 

K : HH,(pcrf (A)) HH,(perf (^°p)) HH.(perf {A (g) A°p)) . 

The map A^^oiT : HH.(perf (A))(gHH,(perf (A°p)) ^ HH.(perf (K)) = K 
therefore gives rise to a pairing 

( , )shk:HH.(^)®HH.(A°P)^K. 

For any exact K-linear category C, let Kq{C) denote the Grothendieck group 
of C. Recall from [10] that there is a Chern character 

Ch : i^o(perf {A)) HHo(perf (A)) ~ HHo(^) . 

Let A and B be DG-algebras. We abuse notation and denote the composite 
map 

HH,(y4)®HH.(y4°P)(gHH.(B) ^ ' ^^''''^''^i HH.(5) 

by ( , )shk itself. Identify HH.(A°p B) with HH.(A°p) (g) HH,(S) via the 
inverse of the Kunneth isomorphism. If $ G perf {A°p (g) B), the following 
theorem from [10] (Theorem 3.4 of [10]) says that is just "convolution 
with Ch($)". 



6 



Theorem 4. 

for any x G HH,{A). 

Note that Theorem 4 imphes that depends only on the image of $ in 
D(perf {A°P B)). 

1.2 The natural pairing on the Hochschild homology of schemes. 

In this subsection, whenever f : X ^ Y is a morphism of schemes, /*,/* etc 
shall denote the corresponding derived functors. Let X be a quasicompact 
separated scheme over K. In this case, the (unbounded) derived category 
^qcohi^) of quasi-coherent Ox-modules on X admits at least compact gen- 
erator E (see [11]). This is a perfect complex of Ox-modules. We recall the 
following facts. 

Fact 1: For each compact generator E of D|jco/i(^) there one can choose a 
(proper if and only if X is proper) DG-algebra A{E) such that perf (yA{E)) 
is quasi-equivalent to perf {X) (see [6], [11 ]). 

Fact 2: Recall that \i E \s a compact generator of Y)qcoh{X) ^ind if F is 
a compact generator of ^qcoh^X) then E M F \s a compact generator of 
^qcoh{X XkI"). 

Fact 3: The A{E) can be chosen so that 

A{E MF) = A{E) (8) A{F) 
whenever E and F are as in Fact 2 above. 

Fact 4: If £' is a compact generator of Dgcohi^)-, so is the dual perfect 
complex E'^. One can choose A{E^) to be A{E)°'p. Hence, perf {A{E)) is 
quasi-equivalent to perf (^(£^)°p). 

From the quasi-equivalences perf {A{E)) 2± perf (X) and perf {A{E)°p) 2± 
perf {X), we obtain isomorphisms 

i : HH.(X) ~ HH,(^(£;)) 

j : HH.(X) ~ RR.{A{EyP) . 
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For X proper let ( , )shk be the pairing on HH,(X) such that 

(a,6)shk = j(^))shk 

for all a,b £ HH,(X). Note that the RHS of the above equation has been 
defined in the previous subsection. We identify HH,(X x Y) with HH,(X) (g) 
HH,(y) via the inverse of the Kunneth isomorphism. Recall from [11] that 
an element $ of perf (X x Y) gives rise to an integral transform $ from 

perf (X) to perf (Y). This is a morphism in Ho(dg-cat), the category of 
DG-categories modulo quasi-equivalences. The functor from D(perf (X)) to 
D(perf (y)) induced by $ is the functor 

E ^ TrY*{TT*xE 0^ ^) . 

$ induces a map from HH,(perf {X)) to HH,(pcrf (Y)) and hence, a map 
from HH,(X) to HH,(y) which we shall denote by We now state the 

following consequence of Theorem 4. Like Theorem 4, Theorem 5 implies 
that depends only on the image of $ in D(perf [X x Y)). 

Theorem 5. For any $ in perf {X xY), 

^T\x) = {x,Chmshk^HH.{Y) 

for allxe HH,{X). 

Sketch of proof of Theorem 5. Theorem 5 is a direct consequence of 
Theorem 4 and the work of B. Toen [11]. Given two DG-categories C and T), 
[11] constructs a DG-category RHom(C, V). Let X and Y be quasi compact 
separated schemes over K. Let E and F be compact generators of Dgcohi^) 
and DqcohiY)- Recall that in [11] it was shown that there is an identification 

(3 : perf {A{EyP ® A{F)) RHom(perf {A{E)), -peif {A{F))) 

$ ^ M i-> M ^ 
in Ho(dg-cat). Similarly, there is an identification 

7 : perf {X xY)^ RHom(perf (X),perf (Y)) 

in Ho(dg-cat). If $ is in perf {X xY), 7($) is the integral transform $ 
from perf (X) to perf (Y) that we described before stating Theorem 5. We 
abuse notation and use rj to denote the quasi-equivalences perf (A{E)) 2± 
perf (X),perf (^(E)°p ® A{F)) ~ perf {X x Y) and 



8 



RHom(perf {A{E)),peTf {A{F))) ~ RHoin(perf (X),perf {¥)) described in 
[11]. 

It was shown in Section 8 of [11] that the following diagram commutes in 
Ho(dg-cat). 

perf {X X Y) perf {A{EyP A{F)) 

7 13 

RHom(perf (X),perf (y)) RHom(perf (^(^)), perf (^(F))) 

Theorem 5 is then a direct consequence of Theorem 4 and the above com- 
mutative diagram. 

Remark. Instead of choosing a compact generator E of Dgcohi^) ^-nd using 
the DG-algebra A{E) to define ( , )shk on HH,(X), we could make do with 
any DG-algebra A such that perf {A) is quasi-equivalent to perf (X). 



2 The Mukai pairing. 

2.1 Some recollections. 

Let X be a smooth proper scheme. Let Sx denote the shifted line bundle 
on X tensoring with which yields the Serre duality functor on the bounded 
derived category D^(X) of coherent Ox-modules. If / : X ^ y is a mor- 
phism of schemes, /*,/* etc shall denote the corresponding derived functors 
in this section. Let A : X ^ X x X denote the diagonal embedding. Let Ai 
denote the left adjoint of A*. Let Oa denote A* Ox- Recall from [1] that 
there is an isomorphism 

HH.(X) ~RHomxxx(A!Ox,OA) • 
Since AiOx — A^S^^, tensoring with ttIS'x yields an isomorphism 

D : RHom(A!Ox, A^Ox) ^ RHom(A,C>x, A^^x) • 
Definition.The Mukai pairing ( , )m on HH,(X) is the pairing 

vSiw-^ trxxx(-D(f ) o w) 
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where trxxx denotes the Serre duaUty trace on X x X. The same pairing 
was constructed in the DG-algebra setup in [9] . 

Recall that the Hochschild-Kostant-Rosenberg map Ihkr induces an iso- 
morphism 

mii{x) ®iW-\x,n{) 

which we shall also denote by Ihkr- Let denote the linear functional 
on (Bp^qW{X, that coincides with the Scire duality trace on H"'(X, 0,^) 
and vanishes on other direct summands. Let * denote the involution on 
ep,qHP(X,Q^) that acts on the summand H*'(X,0^) by (-1)^. The fol- 
lowing result (implicitly in [7] and explicitly in [8]) computes ( , )m at the 
level of Hodge cohomology. 

Theorem 6. For a,be HH,{X), 

{a,b)M= / lHKR{a)*lHKR{b)td{Tx) • 
Jx 

2.2 Integral transforms in Hochschild homology. 

Any $ G perf {X x Y) yields an integral transform 

$ : perf {X) perf (F) 

as described in Section 1.2. Note that if \I/ G perf (Y x Z),the image of 
the kernel of the integral transform ^' o $ in D(perf {X x Z)) is precisely 
'^xz*{'^XY^ ^YZ^)- priori, there is more than one construction of the 
corresponding integral transform : HH,(X) — > HH,(y) such that 

a. o = o 

b. The following diagram commutes. 

D(perf (X)) D(perf (Y)) 

Ch Ch 

HHo(X) HHo(y) 

For example, <I>^^^* is seen to satisfy these properties without much difficulty. 
Another construction of was given by A. Caldararu in [1]. Broadly 
speaking, one views HH,(X) as an "ext of functors", Ext (5*3^^, id). This 
can be done rigorously as in [3]. Let be a left adjoint of Then, 
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if a G Ext(5j(^ ,id), $*(q;) is the following composite where the unlabeled 
arrows are adjunctions. 

$ o $v o 5-1 

^oS],^oSxo^^oSy' "^°"°''^°'^"^> $oSxo$VoS^i > idy 

Theorem 6 enables us to give yet another construction of . This construc- 
tion of is motivated by Theorem 4,and plays a key role in relating the 
Mukai pairing to the natural pairing constructed in Section 1. In the rest 
of this section, the identification of HH,(X x Y) with HH,(X) HH,(F) 
will be via the inverse of the Kunneth isomorphism. Recall that if $ G 
perf {X xY), the Chern character Ch($) G HH,(X x F) ~ HH,(X) (g) 
HH,(y) may be viewed as a K- linear map from IK to HH,(X) HH,(y). 
Let W : HH,(X) HH,(X) be the unique involution corresponding via 
^HKR to the involution * on (Bp,qil^{X, f]^) mentioned in the previous sub- 
section. 

Construction. We define : HH,(X) HH,(y) to be the composite 

HH.(X) 

id®Ch($) 

HH.(X)®2®HH.(y) ^^l^^ HH.(X)^2^HH.(y) lll^ HH.(y) 

Proposition 1. If ^ e perf {X x Y) and ^ G perf (Y x Z) then 

(* o $)™"*' = o ^^^'^ . 

Proof We shah denote ep, gH*'(X, O^) by H'(X). RecaU ( Theorem 4.5 
in [2]) that for any smooth scheme Z, Irkr ° Ch = ch, the right hand side 
being the familiar Chern character map from D(perf [Z)) to B*{Z). 

Let a € HH.(X). Note that HHo(X x y) ~ eiHHi(X) O HH_i(y). Hence, 

Ch($) = ^ ^ aA««>/3A« 

2 A(i)e/i 
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for some index sets Ij and ax(i) € HHj(X) and € HH_i(y). By Theo- 
rem 6 and the construction of 



I//i^H(^r''(«)) = E E ( / lHXii(a)lHXij(aA«)td(rx))lHXij(/3A(.)) • 

(3) 



A(i)g7, 

Now suppose that 



for some index sets Jj and 7^(j) G HHj(y) and E HH_j(Z). Then, by 

E E / ^HKRia)lHKR{ax{i))i<i{Tx)){ / I//xij(/?A(i))Ij^^ij(7M{i))td(TY)) . 

Recall that ^'o<I) = ■7Txz*{'^yz'^ ®'^XY^) '^^^ desired proposition will follow 
from (l3|) if we can show that 

ch(^'o$) = {[ lHKR{Px(i))lHKR{l^{j))td{TY))ax{i)®5^^j) . 

(4) 

Recall that after identifying H'(X x Y) with H'(X) H'(y), vry* gets 
identified with (8)id. Also, vTy is identified with the map a 1 ® a from 
H'(y) to H'(X X y). With this in mind, (HD can be rewritten as, 

Ch(^ o = TTxZ*{ch{Tr*XYi'^))M^*Yz'^)-^*Ytd{TY)) . 

This follows directly from the Riemann-Roch-Hirzebruch theorem applied 
to the map ttxz :XxYxZ^XxZ. 

□ 

Let Oa = ^*C>x be treated as the kernel of an integral transform from X 
to X. Then, 



Proposition 2. 
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Proof. Since Oa is the kernel of the identity, Oa o Oa = Oa- By Proposi- 
tion 1, OaT^^ is an idempotcnt cndomorphism of HH,(X). To prove that 
it is the identity, it suffices to show that it is surjective. 

For this, note that OaT^ = id. By theorem 4, 

Ch(OA) = l]^e,,fe®/,,fe 

i k 

where the Ci^k form a basis of HHj(X) and the fi^k form a basis of HH_j(X) 
such that 

{fi,k, ei,i)shk = Sk,l . 
The S on the right hand side of the above equation is the Kronecker delta. 

Let W be the involution on HH,(X) which wc defined earlier before con- 
structing «l>™''. It follows that if a; e HHj(X), then 

OAr'^ix) = ^(W(x),e_,,fe)M/-i,fe . 

k 

Recall from [1] that the pairing ( , )m is non-degenerate. Moreover, W is 
an involution on HH,(X). Since the C-i^k form a basis of HH_j(X), there 
exist elements xj- in HHi(X) such that 

(W(x;),e_j,fc)M = Ski ■ 

Clearly, 

OAr'(-xfc) = f-i,k . 

This proves that Oa^^"^ is surjective, as was desired. □ 
We are now ready to prove Theorem 1. 

Proof of Theorem 1. 

Proof. This follows almost immediately from the fact that Oa^"^ = OaT^ = 
id : HH,(X) ^ HH.(X). Since OaT^ = id, 

{f-i,k, e_i,z)shk = Sk,i ■ 
On the other hand since OaT^ = id by Proposition 2, 

{^{f-i,k),e-i,i)M = Sk,l ■ 
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It follows from the lEC bi-linearity of the pairings 

(a, b) {a, 6)shk 
{a,b) ^ {W{a),b)M 

that 

(a,6)shk = (W(a),6)M . (5) 

Recall that V denotes the involution on HH,(X) corresponding via Ihkr to 
the involution on H*(X) which acts on the direct summand H'^(X, il^) by 
multiplication by (-1)^. Now, lHKR{a)* UlnKRib) = luKRib) VJluKRia^) 
in H*(X). Hence, Theorem 6 may be rewritten to say that 

(a,6)M= / lHKR{b)lHKR{a')id{Tx) ■ 

JX 

By ©, 

(a,6)shk = / ^HKR{a)^HKR^)^diTx) = {b'^,a)M ■ 
Jx 

This proves Theorem 1. 

□ 

Recall from [1] that the integral transform from D(perf (Y)) to D(perf (X)) 
due to RHom{^, Oxxy)^^t^x^x is the right adjoint of that from D(perf {X)) 
to D(perf {¥)) due to Let denote R?^om(^>, Oxxy) ^'^ t^*xSx- We 
also have the following proposition, which shows that ^^'^^ is a "good can- 
didate" for the integral transform on Hochschild homology defined by <I>. 

Proposition 3. If x e HH,{X) and y G HH,{Y), then 

{^r\^),y)M = {xMT\y))M . 

Proof. The notation used in this proof is as in the proof of Proposition 1. 
Assume that after identifying HH,(X x Y) with HH,(X) (g)HH,(y) (via the 
inverse of the Kunneth map), 

Ch($)=^ ^ ax(i)®l3x(^i) 

for some index sets /j and a;^(j) E HHj(X) and I3x{i) £ HH_j(y). Then, by 
Theorem 6 and ([3]), 
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X] X] W ^HKR{x)lHKB{axii))^<iiTx)){ / lHKRiPx{i)y'^HKB{y)td{TY)) ■ 
i \{i)(ih ^ ^ 

Note that Ch($!) = EA{i)e/. (-l)*W(/3A(i)) ® [W(QA(i)).Ch(5x)]. The 
(— 1)* comes from the fact that the composite 

HH.(X) ® HH.(y) — ^ HH.(X X y) HH.(y) (g) HH,(X) 

is the signed map swapping factors. It follows from Theorem 6 and ([3]) that 

, I muk , , , 

{x,^\ {y))M = 

E E (-!)'(/ lHKR{lHKR{y)Px(i)rtd{TY)){ [ I/^;,R(x)*Ij^i,R(aA(,))*ch(5x)td(rx)) 
= E E lHXi?,(%))*lHXi?(y)td(Ty))( / Ij,^H(x)*lHXij(aA(i))*ch(5x)td(rx)) . 

Now, ifn is the dimension of X, ch(S'x) = (-l)"ch(0^). Also, td(rx)ch(S7^) = 
td(rx)* (see [2]). It follows that 

lHKRixTlHKRiax(i))*dl{Sx)td{Tx)) = {-irilHKR{x)lHKRiaxii))tdiTx))* . 
Hence, 

/ lHKR{xyiHKR{ax(i))*di{Sx)td{Tx) = / lHKR{x)lHKR{ax{i))td{Tx) 

Jx Jx 
This proves the desired proposition. 

□ 

Note that Proposition 1 and Proposition 3 parallel Theorems 5.3 and 7.3 
respectively in [1]. However, since we use the Riemann-Roch theorem for 
(proper) projections to prove Proposition 1, the construction of ^^'^^ by it- 
self does not amount to a self-contained construction of integral transforms 
in Hochschild homology at this stage. However, it helps prove Theorem 1, 
which in turn leads to Theorem 2, showing that all three constructions of 
integral transforms in Hochschild homology coincide. In particular, it tells 
us that the integral transform constructed by A. Caldararu [1] coincides 
with the more " natural" construction of the integral transform constructed 
by D. Shklyarov [10]. 

Let $ G perf {X xY). Denote the integral transform <I>^, : HH,(X) — > 
HH,(y) constructed by A. Caldararu [1] and described briefly earlier in this 
section by ^1^^. 
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Proof of Theorem 2. 

Proof. That <tf^^ = is an immediate consequence of Theorem 1 and 
Theorem 5. We therefore need to show that = For this, we wih 

fohow D. Shklyarov and imitate the proof of Theorem 4 (Theorem 3.4 in 
[10]) in [10]). 

Step i.-Recah that if $ G perf {X x Y) and G perf {X' xY') , ^m^' e 
perf {X X X' X Y X Y'). We then have integral transforms in Hochschild 
homology 

^r*" : HH.(X) ^ HH.(y),$T'' : HH.(X') ^ HH.(y') 

($ K ^Or*" : HH,(X X X') ^ HH.(y x y') . 

Identify HH,(X x X') and HH,(y x Y') with HH,(X) HH.(X') and 
HH,(y) (8) HH,(y') respectively via the inverse of the relevant Kunneth 
isomorphisms. It follows from the construction of ^^^^ that 

Similarly, we have integral transforms in Hochschild homology 
^f-^ : HH.(X) -4 HH.(y), ^'f' : HH.(X') ^ HH.(y') 

($ Kl $')r^ : HH,(X x X') ^ HH,(y x y') . 

It can be verified without much difficulty (see [16], Lemma 2.1 for instance) 
that 

($ M = $f 1 O ^'f . 

Step 2: Note that <I> € perf (X x Y) may also be thought of as the kernel of 
an integral transform from Spec IK to X x y. We will denote # thought of 
in this manner by $pt-^xxy- Let A denote 0/\ thought of as the kernel of 
an integral transform from X x X to Spec K. Also identify HH,(X) with 
HH,(X) (g) HH,(Spec K) via the map y ~^y®\. Then, 

$ = A o (Oa ^ $pt->xxy) 

=^ $muk ^ Ar'^o(OA ^ $pt-xxY)r'' = Ar'^o(OAr'^(8)($pt^xxY)r''(i)) 

^cal ^ ^cal ^ ^ $p,^^^y)f = Af o (Oa^ ^ (cKpt^XxY)^ (1)) 

Now, by Proposition 2, 

O^t = OaT"" = id . 
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Also, ($pt-.xxy)r (1) = Cli($) by Definition 6.1 in [1] and Theorem 4.5 in 
[2]. (^pt^xxy)^"^!) = Ch($) by the construction of {%t-.XxY)T''. We 
therefore , need to show that 

Af^*^ = : HH,(X xX)^ HH,(Spec K) = K . 

With the above identification of HH, (Spec K) with K, for any x G HH,(Spec K), 
X = (x, 1)m- Let a' denote 

Rnom{A, Oxxx) <8)^ Sxxx- If a e HH.(X x X), 

{Ar\a),l)M = {a,AT\l))M 
by Proposition 3. By Theorem 7.3 in [1], 

Now, A'^'''(l) = Ch(A') by Definition 6.1 in [1] and Theorem 4.5 in [2]. 

A'™"'^(1) = Ch(A') by the construction of A'™"*^. This yields the desired 
theorem. 

□ 

2.3 When X is Calabi-Yau. 

In such a situation, D''{X) can be be thought of as the category of open 
states of the B-Model on X (sec [3]). The corresponding algebra of closed 
states is the Hochschild cohomology HH*(perf (X)) ~ HH*(X). As X is 
Calabi-Yau, there is an identification 

HH'(X) ~ HH.(X) . 

The Mukai pairing constructed by A. Caldararu in [1] on HH,(X) then gives 
a pairing on HH*(X). Moreover, for any £ G D*(X), there are natural maps 

: HomD6(^)(^,^) ^ HH*(X) 

i£ : RR\X) ^Rom^t^^^{£,S) 

as constructed in [3]. The Cardy condition verifies that this data gives a 
topological quantum field theory. Of course, the Mukai pairing in this case 
is the pairing obtained by the action of the class of a genus Riemann- 
surface with two incoming closed boundaries and no outgoing boundary in 
Ho(Alo(2,0)) on HH,(X), the action coming from the fact that HH'(X) 
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with Mukai pairing is a "good" algebra of closed states as verified by the 
Cardy condition. 

On the other hand, [4] gives the category of open states of the B-Model on 
X as an A^o enrichment of D^(X). The closed TCFT one associates with 
this category has homology 

HH,(X) ~ HH'(X) . 

This is also equipped with a pairing coming out of the action of the class 
of a genus Riemann-surface with two incoming closed boundaries and no 
outgoing boundary in Ho(A^o(2, 0)) on the homology of the closed TCFT 
one constructs in [4] from the B-Model. Whether these pairings coincide is 
however, not clear currently. 

Theorem 1 is similar Conjecture 6.2 in [10] for Calabi-Yau algebras A such 
that perf (A) is quasi-equivalent to perf (X) for some quasi-compact sepa- 
rated smooth scheme X. 



2.4 Proof of Theorem 3. 

The sheafification of the Dennis trace map. Let us briefly recall how 
the sheafification of the Dennis trace map is constructed. The material we 
are recalling is from [12], [13], [14] and [15]. Let X be a smooth quasicompact 
separated scheme. As in Section 1.2, choose a compact generator E of 
^qcohi^) and a DG-algebra A{E) such that perf {A{E)) is quasiequivalent 
to perf (X). Let Z''(perf(^(£'))) be the exact category whose objects are 
those of perf {A{E)) such that 

Hom20(p,rf(_4(E)))(M,iV) = ZO(Homperf(^(£;))(M,A^)) . 

As pointed out by B. Keller in [14], using the Waldhausen structure of 
Z'^(perf(^(£^))), we can construct a Dennis trace map 

Dtr : Ki{X) ~ Ki{Z\peif{A{E)))) HHi,Mcc(Z°(perf(^(^)))) Vi > . 

Here, HHj^McC is the Hochschild homology constructed by R. McCarthy in 
[15]. As Keller further points out in [14], there is a natural transformation 

HHi,Mcc(Z°(perf(^(£;)))) ^ HHi(ZO(perf(^(E)))) . 
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Further, we also have a natural transformation 

RRi{Z%peii{A{E)))) ^ HHi(perf {A{E))) . 

The obvious compositions then give us a map 

Ch^ : Ki{X) ~ ^Ci(ZO(perf(^(S)))) ^ HH,(perf (AiE))) ~ HHi(X) . 

Let F be a smooth quasicompact separated scheme. Let F and A{F) be as 
in Section 1.2. Let * G perf {A{F)°^ ® A{E)). The following proposition, 
analogous to Theorem 7.1 of [1], says that the sheafification of the Dennis 
trace map is " functorial" . 

Proposition 4. The following diagram commutes. 

Ki{^{perf{A{E)))) Ki{^ {perf{A{F)))) 

CK CK 

HHi{perf {A{E))) HHi{perf {A{F))) 

Proof. This proposition will follow easily once we verify that 
^ : Z''(pcrf(^(i?))) — >■ Z°(perf(^(F))) preserves cofibrations and weak 
equivalences. By [12], the weak equivalences in Z'^(perf(^)) for any DG- 
algebra A are quasiisomorphisms. The cofibrations in Z''(perf(A)) are mor- 
phisms of A-modules that admit retractions as morphisms of graded A- 
modules. That ^ preserves cofibrations follows without difficulty from the 
fact that ^ : perf (A{E)) perf {A{F)) is a DG-functor. That ^ preserves 
weak equivalences follows from the fact that perfect modules are homotopi- 
cally projective (see Proposition 2.5 of [10]). 

□ 

Proof of Theorem 3. We warn the reader that in the proof that follows, 
X and Y denote proper smooth quasicompact separated schemes. 

Proof. Step 1: Let $ G perf {X x y).The first step is to note that even 
though Z is not necessarily proper, the kernel $IE10az ^ P^'^f {X x Z xY x Z) 
induces an integral transform from perf {X x Z) to perf iY x Z). This fol- 
lows from the fact that if E and F are compact generators of D^^hi^) 
and Dcoh('Z^) respectively, the compact generator E^ F := n^E (g) tt^F of 
Dcoh(-'^ X is mapped by the integral transform with kernel $ Oaz to 
the perfect complex 7ry*($ t^x^) ^ ^■ 



19 



Also, after identifying HH,(X x Z) and HH,(y x Z) with HH.(X) (g)HH,(Z) 
and HH,(y) ® HH,(Z) respectively via the inverse of the relevant Kunneth 
isomorphisms, 

($KOAz)r* = ^r^^iid : HH.(X)(g)HH.(Z) ^ HH.(y)OHH.(Z) • (6) 

This follows from the facts that Oa^"^^* = id and from Proposition 2.11 of 
[10]. 

Step 2: By the Proposition 4, the following diagram commutes. 



i^i(perf (X X Z)) ^ i^i(perf x Z)) 

HH,(X X Z) HH,(y x Z) 



(7) 



After identifying HH,(X x Z) and HH.(y x Z) with HH,(X) HH,(Z) 

and HH,(y) (8) HH,(Z) respectively via the inverse of the relevant Kunneth 
isomorphisms, we have the following commutative diagram by ((Tj) and ([6]). 



ilTi (perf (X X Z)) 

Ch' 

_g=,HHp(X)®HH,(Z) 



K,(perf (y X Z)) 



Ch' 



(8) 



yp+q=i 



HHp(y)®HHg(Z) 



Now, it follows from Theorem 1 and Theorem 3 that '^^^^ = <I>^^*. Hence, 
by dS]) and Proposition 3, 

(( , )M®idHH.(z))(r2/®Ctf(a)) = (( , )m ® idHH.(z))(y ® (id x /),Ch*(a)) 

(9) 

for any a G i^i(Z x X), y G HH,(y). By Theorem 4, ([9]) can be rewritten 
to say that 



lHKR{r{y)Tc\i\a)id{Tx] 



X 



\HKR{yYdl\{f X id)*a)td(ry) 



Y 



as elements of H*(Z). The desired theorem now follows from the facts that 
/* commutes with Ihkr (see Theorem 7 of [7]) and commutes with the 
involution *. 

□ 



20 



References 

[1] Caldararu, A., The Mukai pairing, I: the Hochschild structure. Arxiv 
preprint math. AG/03080 79. 

[2] Caldararu, A., The Mukai pairing, II: the Hochschild-Kostant- 
Rosenberg isomorphism. Advances in Mathematics 194(2005), No. 1, 
34-66. 

[3] Caldararu, A., Wiherton, S., The Mukai pairing, I: a categorical ap- 
proach. Arxiv preprint larXiv: 0707. 20521 

[4] Costello, K., Topological conformal field theories and Calabi-Yau cate- 
gories. Advances in Mathematics 210(2007), No. 1. 

[5] Keller, B., On the cyclic homology of ringed spaces and schemes. Doc. 
Math. 3(1998), 231-259. 

[6] Kontsevich, M., Soibelman, Y., Notes on A- infinity algebras, A- 
infinity categories and non-commutative geometry. I, Arxiv preprint 
|arxiv:mat h/060624T| 

[7] Markarian, N., Poincare-Birkhoff-Witt isomorphism, Hochschild ho- 
mology and Riemann-Roch theorem, preprint (2001), MPI 2001-52, 
available from Max Planck Institutes web site. 

[8] Ramadoss, A., The relative Riemann-Roch theorem from Hochschild 
homology. Arxiv preprint math. AG/0603127^ 

[9] Shklyarov, D., On Serre duality for compact homologically smooth DG- 
algebras. Arxiv preprint |math.RA/0702590( 

[10] Shklyarov, D., A Hirzebruch Riemann-Roch theorem for DG-algebras. 
Arxiv preprint iarXiv:0710. 1937t 

[11] Toen, B., The homotopy theory of dg-categories and derived Morita 
theory. Invent. Math. 167 (2007), no. 3, 615-667. 

[12] Keller, B., On differential graded categories. Arxiv preprint 
|math.KT/0601185f 

[13] Bressler, P., Gorokhovsky, A., Nest, R., Tsygan, B., Chern character 
for twisted modules. Geometry and Dynamics of Groups and Spaces. 
Progress in Mathematics 265 (2008). In press. 



21 



[14] Keller, B., On the cyclic homology of exact categories. Journal of pure 
and applied algebra 136 (1999), 1-56. 

[15] McCarthy, R., The cyclic homology of an exact category. Journal of 
pure and applied algebra 93 (1994), 251-296. 

[16] Maori, E., Stellari, P., Mehrotra, S., Infinitesimal derived Torelli theo- 
rem for K3 surfaces. Arxiv preprint larXiv:0804T2552[ 

Address: 

Department of Mathematics 
University of Oklahoma 
Norman, OK-73019 
email: aramadoss@math.ou.edu 



22 



